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LAPLACE TRANSFORMS

Introduction

Laplace Transformations were introduced by Pierre Simmon Marquis De Laplace (1749-
1827), a French Mathematician known as a Newton of French. Laplace Transformations is a
powerful technique; it replaces operations of calculus by operations of algebra. An Ordinary (or)
Partial Differential Equation together with Initial conditions is reduced to a problem of solving

an Algebraic Equation by this method.

Laplace transform is a very powerful mathematical tool applied in various areas of
engineering and science. With the increasing complexity of engineering problems, Laplace
transforms help in solving complex problems with a very simple approach just like the
applications of transfer functions to solve ordinary differential equations.Laplace Transform
methods have a key role to play in the modern approach to the analysis and design of engineering
system.The purpose of the Laplace Transformis to transform ordinary differential equations
(ODEs) into algebraic equations, which can then be solved by the formal rules of algebra.This
makes it easier to solve ODEs.The concepts of Laplace Transforms are applied in the area of
science and technology such as Electrical engineering, Communication engineering, Mechanical
engineering ,Computer engineering,Control engineering,Civil engineering and Nuclear physics
etc.

Laplace Transform is widely used by electronic engineers to solve quickly differential
equations occurring in the analysis of electronic circuits,Digital signal processing, System
modeling, Process Control. In Mechanical engineering field Laplace Transform is widely used to
solve differential equations occurring in mathematical modeling of mechanical system to find
transfer function of that particular system.In Computer scienceengineering it is used in Data
mining (which is the analysis step of Knowledge Discovery in Databases) which focuses on the
discovery of (previously) unknown properties on the data, where Laplace equation is used to
determine the prediction and analyses the step of knowledge in databases.Laplace Transformations
helps to find out the current and some criteria for the analyzing the circuits. It is used to build
required ICs and chips for systems.So it plays a vital role in field of computer science.In order to
get the true form of radioactive decay a Laplace Transform is used in Nuclear Physics.In Civil
engineering it can be applied to analyze behavior of complex systems, such as bridges,
skyscrapers, and so forth.In Aeronautical engineeringLaplace transform is a valuable “tool” in
solving Differential equations in “feedback control” systems for example, in stability and control

of aircraft systems.
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Uses
e Particular Solution is obtained without first determining the general solution.
e Non-Homogeneous Equations are solved without obtaining the complementary integral.
e L.T is applicable not only to continuous functions but also to piecewise continuous

functions, complicated periodic functions, step functions and impulse functions.

Applications:

e L.T is very useful in obtaining solution of linear differential equations, both ordinary and
partial, solution of system of simultaneous differential equations, solution of integral
equations, solution of linear difference equations and in the evaluation of definite
integrals.

Definition:
Let f (t) be a function of ‘¢’ defined for all positive values of t. Then Laplace
transforms of f (t) is denoted by L {f (t)} is defined by

['e]

L{f(t)}=[e™f (t)dt="T(s)> ()

0

provided that the integral exists. Here the parameter‘s’ is a real (or) complex number.

The relation (1) can also be writtenas f (t)= L*l{?(s)}

In such a case the function f(t) is called the inverse Laplace transform of T(S) .The symbol

‘L’ which transform f(t) into ?(s) is called the Laplace transform operator. The symbol ‘L™

which transforms £(s) to f (t) can be called the inverse Laplace transform operator.

Conditions for Laplace Transforms

Exponential order: A function f (t) is said to be of exponential order ‘a’ If It e™f (t)=a

toeo
(finite quantity).
Ex: (i). The function t? is of exponential order
(ii). The function e is not of exponential order (which is not finite quantity)

Piece — wise Continuous function: A function f (t) is said to be piece-wise continuous over
the closed interval [a,b] if it is defined on that interval and is such that the interval can be
divided into a finite number of sub intervals, in each of which f (t) is continuous and has both
right and left hand limits at every end point of the subinterval.
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Sufficient conditions for the existence of the Laplace transform of a function:
The function f (t) must satisfy the following conditions for the existence of the L.T.
(). The function f(t) must be piece-wise continuous (or sectionally continuous) in any limited

interval0<a<t<b_

(i).The function f (t) is of exponential order.
Laplace Transforms of standard functions:

1. Prove that L{1} :%

Proof: By definition

st 1% —o0 0
L =fesadt=|S—| =8 & 04+ Vifs>0
{1}=|e {_Sl PO +%| s>

O =8

2. Prove that L{t}z}é2

Proof: By definition
0 —st —st *
L{t}:je‘“.tdt{t.[e J—fl.e dt}
5 -S -S|
e—st e—st *
= t_ — =
{ =S (_S)z ]0 %2

n! . P
3. Prove that L{t“} = where n is a positive integer

n+1
S

. —st
Proof: By definition L{t”}z_[ e‘s‘.t”dt{t”.e } —In.t”‘l.e—dt
° S 0 —S

:0—0+Ej°°e—“t”—1dt
S 0

n n—
:EL{t g

L) =2

n-2
Lit" 2 =——=L{t"°
==L
By repeatedly applying this, we get
nn-1n-2 21

L{t"} BTt E.EL{t”’“}
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n’ S - Sn-f-l
Note: L{t"} can also be expressed in terms of Gamma function.

ie, L{t"} = Srn‘fl = r(r:[l) (T (n+1)=nl)

S

Def: If n > 0 then Gamma function is defined by I'(n j e *x"dx

We have L j et t"dt

Putting x = st on R.H.S, we get

X =st

ldx=dt
S

= L .[we‘x.x”dx

Sn+1 0

When t=0,x=0
When t=o0,Xx=00

Lit"}= s"1+1 I(n+1)

If 'n’is a +veintegerthenT"(n+1) =
. nl _nl
L L) = A »
Note: The following are some important properties of the Gamma function.
1. I'(n+1)=nI(n)if n>0

2. T(n+1)=nlif n is a positive integer

3. r()=-1r(¥)=-v=

Note: Value of T"(n) in terms of factorial
[(2)=1xT(1)=1!

I(3)=2xIr(2)=2!

I'(4)=3xT(3)=3! and so on.

In general I"(n+1)=n! provided ‘n’ is a positive integer.

Taking n = 0, it defined 0! = T'(1)=1
4. Prove that L{eat} =
s—a

Proof: By definition,
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L{e*}= J': e tedt = J:O e gt

1 .
= + = if s>a
s-a s—a s-a

Similarly L{e ™= iif s>-a
+

a

52— a2

5, Prove that L{sinhat} =

at

Proof: | {sinhat} = L{e_—zem} =%['—{em}_'—{em}]

_1[ 1 1 }_l[s+a—s+a}_ 2a  _ a
2|s-a s+a] 2| s*°-a’ 2(s*~a*) s*-a’

6. Prove that L{coshat} =

5?2 —3a?

at —at
Proof: L{coshat}= L{%}

I R I

_1[s+a+s—a} 2s s

s?—a’ :Z(SZ—az) 5?2 —a?

2

7. Prove that L{sinat} =

2

s?+a’

Proof: By definition, L {sinat} = [ "e™* sin atdt

0
ax

e
a’+b?

e—St
={ (—ssinat—acosat)}

% 132 { Ie"’* sinbxdx =

(asinbx—bcos bx)}

0

_a
s?+a’

8. Prove that L{cosat} =

Proof: We know that L{eat}z—

Replace ‘a’ by ‘ia’ we get
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) 1 _ S+ia
L{e }_s—ia (s—ia)(s+ia)

s+ia

s’ +a’

ie.,L{cosat+isinat}=

Equating the real and imaginary parts on both sides, we have

Li{cosat} = and Lisinat} =
{eosat} =" and Lsinat} =
Solved Problems :

1. Find the Laplace transforms of (t*+1)

Sol:  Here f(t) = t°+1)° =t" + 2t +1
L{(t*+ 1)°}= L{t*+ 2t°+ = L{t"}+ 2L{t°}+ L{}
4l 21 1 4 21 1

= +2.=+—=—+2.—+~
st s s 8 s s

:2—?+i3+1:i5(24+432+s4)
s s° s s

—at
2. Find the Laplace transform of L{e 1}
a

Sol: L{e-a;—1}: iL{e‘at -1} :é[L{e‘a‘}—L{l}}

_ l{i_l} —
ajs+a s s(s+a)
3. Find the Laplace transform of sin2tcost

Sol: k.t sin2tcost = %[Zsin 2tcost] = %[sin 3t +sint]

. L{sin2tcost}= L{%[Sin 3t +sint]} = %[L{sin 3t}+L{sint}]

13 1] 2+
2| s°+9 sP+1] (s®+1)(s*+9)

4, Find the Laplace transform of cosh?2t
Sol:  w.k.t cosh? 2t = %[1+ cosh 4t]
2 1
L{cosh 2t}: E[L(l) + L{cosh 4t}]

1[1 s } -8
=—| -+ =
2|s s*-16| s(s*-16)
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5. Find the Laplace transform of cos®3t
Sol:  Since cos9t=cos3(3t)

cos9t=4cos®3t-3cos3t (or) cos’3t= % [cos9t +3cos3t]

L{cos®3t} = % L{cos9t}+ % L{cos3t}

_1 s 3 s
=-—. +—.
4's°+81 4 s°+9

—E{ 1 3 }:( 5(s* +63)

47481 s249 32+9)(32+81)
6. Find the Laplace transforms of (sint+cost)’
Sol:  Since (sint+cost)2 =sin®t+cos’t+2sintcost =1+sin2t

L{(sint+ cost)’}= L{L+ sin2t}
= L{}+ L{sin2t}

1,02 _ s°+2s+4
s s’+4 s(sz+4)

7. Find the Laplace transforms of cost cos2t cos3t

Sol: cost cos 2t cos 3t :%.cost[z.cos 2t.c053t]

ol Ll RSN

cost[cos5t + cost] = %[costc055t+ cos’t]

[2 cost cos5t + 2 cos? t] = %[(cos 6t +cos 4t)+(1+cos Zt)]

[1+ cos 2t + cos4t + cos6t]

N

.. L{costcos 2t cos3t} = % L{1+ cos 2t + cos 4t + cos 6t}

= %[L{l} + L{cos 2t} + L{cos 4t} + L{cos 6t}]

1|11 S S S
-1zt +3 +3
4s s“+4 s°+16 s +36

8. Find L.T. of sin’t

1-cos Zt}

Sol: L{sinzt}zL{ 5
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1 11 s
- E[L{l}_ L{cos 2t}] = 5[;‘ s 4}

9. Find L(V)

FG+1}
Sol: L{\/f} - L[t%] - where n is not an integer

—+1

SZ
")
ir‘ -
:# =£7§ '.'F(n+l): n.F(n)
s2 252

10. Find L {sin(wt + a)}, where « a constant is
Sol: L{sin(wt + a)} = L{sinwtcosa + coswtsina}

= cosa L{sinwt} + sina L{coswt}

w

= cosa + sina —>—
- s24+@? s24+w?

Properties of Laplace transform:
Linearity Property:

Theoreml: The Laplace transform operator is a Linear operator.
ie. ().L{cf(t)}=cL{f(t)} @).L{f(t)+g(t)}=L{f(t)}+L{g(t)} Where c’ is constant
Proof: (i) By definition

L{ef ()} = [ercf (t)dt e *F (t)dt =cL{f (1)}

(ii) By definition

L{f(t)+g(t)}=[e {f(t)+g(t)jdt

0

= Te-st f (t)dt +Te‘s‘g (tydt=L{f(t)}+L{g(t)}

Similarly the inverse transforms of the sum of two or more functions of ‘s’ is the sum of the

inverse transforms of the separate functions.
Thus, L‘l{?(s)+§(s)} = L‘l{T(S)} + L‘l{ﬁ(s)} =f(t)+g(t)
Corollary: L{c f(t)+c,g(t)}=cL{f(t)}+c,L{g(t)}, where ci,c-are constants

Theorem2: If a, b, ¢ be any constants and f, g, h any functions of t, then

L{af () + bg(t)- ch(®)}= al{f(t)}+ b.L{g(®)}- cl{h(®)}
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Proof: By the definition

L{af (t) +bg(t) —ch(t)} = T e~*{af (t) +bg(t) —ch(t)}dt

T “Hf (t)dt +bTe‘S‘g (t)dt —cTe‘s‘h(t)dt
0 0

0

=a.L{f (t)}+bL{g(t)}—cL{h(t)}

Change of Scale Property:
If L{F(t)}= f(s) then L{f(at)}= i f Gj

Proof: By the definition we have
L{f (at)}= j e f (at)dt
0

put at—u=dt=Y

a

when t >0 then u—>o andt=0 thenu= 0

L{f(at)}=10 ef%uf(U)OI Ie d“_éT(é)

Solved Problems :
1.Find L{sinh 3t}

Sol: L{sinh t} =

= f(s)
. L{sinh 3t} = 3 f (5 /3)(Change of scale property)
1 3

1
e

2. Find L{cos 7t}
Sol: L{cost} =

S = () (say)
L{cos 7t} = - 7S /=) (Change of scale property)

1 /7 _ S
L{cos 7t} = 7(5/7) = e

First shifting property:
If L{f(t)}= f(s)then L{e® f(t)}= f(s- a)
Proof: By the definition
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L{e* f(t)}= T e e f (t)dt

e ' f () dt

O ;8

:_[e‘”‘f (t)dtwhereu=s-a
0

= f(u)=TF(s—a)

Note: Using the above property, we have L{e"® f(t)}= ?(s+ a)
Applications of this property, we obtain the following results

nl!

1 L{eatt”}:W{-'L(t”) =S”—'}

. b : b
2. L{e®sinbt}=——— | -+ L(sinbt) = ———
{e” sinbty (s—a)2+b2[ (stabt) sz+b2}
3. L{e" cosbt}=— > 2 |- L(cosbt) = >
{ S } (s—a)2+b2[ ((’Ub ) 52+b2
4 L{e"“sinhbt}——b "L(Siﬂhbt)_L
. _(S_a)z—bz . _SZ_bZ
. s—a . S
5. L{e"cosh bt}:(s—a)—z—bz{' L(coshbt) =m}

Solved Problems :

1.Find the Laplace Transforms of t’e™

Sol:  Since L{t°}= 14'
S

Now applying first shifting theorem, we get

3!

HEe s gy

2.Find the L.T. of e cos2t

s
s2+4

Sol:  Since L{cos 2t} =

Now applying first shifting theorem, we get
s+1 s+1

L{et 2t} = =
te™" cos 2t} (s+12+4 s24+2s+5

3. Find L. T of e?*'cos?t

Sol: - L [BZtCOSZt] = [eZt( 1+02052t)]
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=%{L[e2‘] + L[e?tcos2t]}

=1(L

1
L+ L Llcos2t]ss s

_ 1( 1 )+ 1 s-2
2 vs=27 2 (s-2)2+22

_ 1( 1 )+ 1 s-2
2 “s—27 2 (s%2-4s+8)

Second translation (or) second Shifting theorem:
If L{F ()} = F(s)and g(¢) = {'§ " iZathen L{g(t)} = e"*F (s)
Proof: By the definition
L{g)}= [, et gt)dt=[ et g(t)dt+ [ e~ g(t)dt
= fooo e St odt + faoo e St f(t—a)dt = faoo e St f(t — a)dt
Let t-a=u so that dt = du And also u=0 whent=aand u — oo whent — «©
~ L{g(H)} = fooo e SWta) £(y)dy = e =% fooo e % f(u)du = e™% faoo e St f(t)dt
=e SL{f()} = e f(s)
Another Form of second shifting theorem:

If L{f(t)} = f(s) and a > 0 then L{F(t — @)H(t — a)} = e~ f(s)

1,t>0
0,t<0

Proof: By the definition

where H (t) :{ and H(t) is called Heaviside unit step function.
LEF(t— a)H(t — @)} = [ e F(t — a)H(t — a)dt - (1)
Put t-a=u so that dt= du and also when t=0, u=-a whent — o, u—

Then L{F(t — a)H(t — a)} = faoo e S F(wH(W)du. [byeq(1)]
= I e *“"UF (u)H (u)du +Tes(“*a’F (u)H (u)du
_ fO e Sw+a) F(y).0du + fooo e~ sW+a) F(y). 1du

[Since By the definition of H (t)]
= J, e St F(y)du = ™% J, e Fwdu

= e’saje’StF (t)dt by property of Definite Integrals

0
=e SL{F(t)} = e ¥f(s)
Note: H (t—a)isalsodenoted byu(t—a)
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Solved Problems
cos(t—%) if t >%
0 if t < %

1.Find the L.T. of g (t) when g(t)=

Sol.  Let f(t)=cost

« L{F ()} = L{cost} = 5= = f(s)

s241

f(t=T/3) = cos(t =T/3), if t >T/3
0 ,ift<T/s

Now applying second shifting theorem, then we get

g(t) ={

Mo} = (35) =355
2.Find the L.T. of (ii)( — 2)3u(t — 2) (ii) e 3tu(t — 2)
Sol:  (i). Comparing the given function with f(t-a) u(t-a), we have a=2 and f(t)=t

6

SLFDY = LS} =5 =5 = F(s)
Now applying second shifting theorem, then we get

6 6e~2S

L{t-2ut-2)}=e> 5=

54
(ii). L{e™stu(t —2)} = L{e 52 e Su(t — 2)} = e °L{e 3 Du(t — 2)}
_ ,-3t I _ 1
f(t) =e 3" then f(s) = e
Now applying second shifting theorem then, we get
e—2(s+3)

-3t _ _ -6 —ZSL_
L{e3tu(t—2)} =eC.e .

Multiplication by “t’:
Theorem: If L{f(£)} = f(s) then L{tf()} = —f(s)

Proof: By the definition f (s)=[e ™ f (t)dt
0

%{?(s)}=%ze‘“f (t)ct

By Leibnitz’s rule for differentiating under the integral sign,

d — G,
— f(s)=|—=e"f(t)dt
) Iase ()

0

= [~te™f (t)dt
0
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= — " e st{tf (O}dt = — L{tf (£)}
Thus L{tf ()} = =2 F(s)

L0} = (D" = F(s)
Note: Leibnitz’s Rule

If f(x«a)and ai f (x,&) be continuous functions of x and « then
a

;_a{f; f(x, a)dx} = f; %f(x, a)dx
Where a, b are constants independent of «
Solved Problems:

1. Find L.T of tcosat

Sol:  Since L{tcos at} =

2+a2
da S
L{tCOS at} = _E m]
_—s?+a?-s2s _ s?-qa?
T (s2+a?)?2  (s2+a?)?
2.Find t’sin at
. . , _a
Sol:  Since L{sin at} = —
2 — 2 2
L{t?.sinat} = (1) dsz( 2+a2)

Cd| -2as | 2a(3s’-a’)
ds| (s +a?) | (s°+a)

3.Find LT of te'sin3t

Sol: Since L{sin 3t} =

2+32

~ L{tsin 3t} = - [ 2-I3-32] (5264,59)2 Now using the shifting property, we get
6(s+1) _ 6(s+1)

L{te~tsin 3t} =

((s+1)2+9)2  (s2425+10)2

4.Find L{te*tsin 3t}

Sol:  Since L{sin 3t} =

2+9
3 _ 3
(3_2)2+9 s2—45+13
]_(_ )[0 3(2s— 4)]

(s2-4s5+13)2

~L {e2t sin 3t} =

L{te?'sin 3t} = (-1) = [

s2—4s+13
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3(2s-4)  6(s-2)

_(s2—4s+13)2 (s? - 4s+13)

5.Find the L.T. of (1+te‘t )2
Sol:  Since (1+te ®)? =1+ 2te t+ t?e 2

aL(trtet) =L {2 {tet) + L {t?e )
1 d 1 2 d? 1
=g+2(‘1)£(5_+1j+(‘1) @(H_z)

1, 2 +g[ -1 }
S (s+1)2 ds (s+2)2

1 2 2
=<t 7t 3
S (s+1) (s+2)

6.Find the L.T of t3%3t
3
Sol:  L{t3e~3} = (—1)3%L{e‘3t}
. _d_3 1) _ -31(-1)3
T ds3 (s+3) T (s+3)%

3!
T (s+3)4

7.Find L{cosh at sin at}

eat+e—at

Sol.  L{coshatsinat} =1L { .sin at}

=§ [L{e?**sin at} + L{e % sin at}]

1 a a
= — 5 + >
2| (s—a) +a’ (s+a) +a’
2
8.Find the L.T of the function (t)=(t-1), t>1
= O<t<l

Sol: By the definition
LF(©O} = [ e st f(Dde = [} et f(O)dt + [ et f(e)dt

1 s ®© _=s 2
= [ eodt+[ e (t-1)" dt
= [T et - Dae = - 02 - [ 20 - D e

20> s
=0+gj1 e (t-1)dt

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) [uleks




MATHEMATICS - |

-2 2
=—3(0—e_s):—3€_s

9.Find the L.T of f (t) defined as f (t)=3, t > 2

=0, 0<t<?2
sol:  L{f()} =, et f(t)dt
(2 s © st
= [e f(t)dt+] e f (t)dt
= foz e~st. 0dt + fzoo e~St 3dt
. -3 - -3
_ —st __Y(past __v _a2s
_O+Le 3dt = - (%), = - (0-e®)
_ ge—ZS
s
10.Find L{t cos(at + b)}
Sol: L{cos(at + b)} = L{cos at cos b — sin at sin b}
= cos b.L{cos at} — sin b L{sin at}
_ S - a
=C0sh.5—— —sinb. 5—
—-d .
L{t.cos(at + b)} = — [cos b. sziaZ — sin b. Szjaz]
2 5921_ s°+a’).0-a.2s
= —cosh. Llsfs +sinb ( ) 5
(s*+a?) (s*+a%)
1 2 a2\? :
:—2[(5 ~a’) cosb—2assmb}
(s°+a’)
11.Find L.T of L{te'sint}
Sol: - We know that L[sint] = 21
se+1
. _ i . _ i 1 - (-1)2s
Ltsint] = (-1) —L[sint] = - —~(57) Y
_2s
T (s241)?

By First Shifting Theorem
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£ _ 2s - 2(s—1) - 2(s—1)
L [te stnt] o [(52+1)2] ((s—1)2+1)2  (s2-2s+2)2

s—-s-1

Division by‘t’:
Theorem: If L{f(£)} = f(s) then L{ f(t)} = [Cf(s)ds
Proof: We have f j e f(t

Now integrating both sides w.r.t s from s to «, we have

TT(s)ds =TF e f (t)dt}ds

= I: f f (t)e™dsdt (Change the order of integration)

- J? f (t)“:o eStds}dt (- tis independent of*s’)

(]

=f; e Mar(or)L {2 (1)}

Solved Problems:

1.Find L{S'"t}

=f(s)
Division by‘t’, we have

L{Smt} f f(s)ds-fs 52+1ds

= [Tan™'s]® = Tan"'c0 — Tan™1s

Sol:  Since L{sint} = 2+1

= A —Tan's=cots

2.Find the LT of S0&

Sol:  Since L{sinat} = —— = f(s)

Division by t, we have

L {Sma t} f f(s)ds = fs ZZaz ds
— 1 -18 e -1 -18
=a g[Tan Al =Tan o —-Tan A

= % ~Tan™ (%) =cot™ %

3.Evaluate L {#}
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Sol:  Since L{1 —cosat} = L{1} — L{cos at} = S .

s2+a?
LR = (G- m) ds

s s2+a?

:{Iogs—%log(sz +a2)}

S

00 ? ’
=%[2|ogs—log(sz+az)l :%{Iogi ZS Hs

o0

:% | og ;2 2{Iogl log — }
s°+a’
1+ 42 S
——llog i =log 4/8 v
2 s°+a’ s*+a’

cos SZ+1 - .
Note: L{l t} = IogJ 5 (Putting a=1 in the above problem)

4.Find L{&

o0

. e—at_p—bt _ (o 1 1
Sol: 2 e N Gt K&
s+a
=1 —1 b |
[og(s+a) og(s+ ):| {og(ﬁbﬂ
a
1+§ (s+aj
= It {log—=>}—-log| —
son |, b s+b

=logl-log(s+a)-+log(s+b)= Iog(s+bj

5. Find L{l tCOSt}
Sol- L{l cost} L{}.l—cost} lllll 1)
t? t t
1-cost «(1 s 1 *
Now L = | == ds=| logs—=log (s +1
(=L Josm|oos-Jtoals™ )|

S

1 log i °°___1 log s llogSZJrl
2] s+l 2 s?+1
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2

1-cost w] s +1
..L[ e }:Lzlog % ds

1 2+1)| | = 82 (=2
:EHIOQ( % j}sl —L 52+1(S—3j.3ds

1 1 1 1 s2+1 )
==[Jlts|=——+—+....|-slo +2Tan™’s
ZHHOO (sz 28 3s° j S } l

1 1
=cotts—=slog| 1+ —
2 g( SZJ

e—at_e—bt

6.Find L.T of

Sol: wkt L[e™]=— , L[e]=—

s+a s+b

LIE2)=07 f(s)ds

L e—at_e—bt _foo 1 1 p
t A (s+a s+b) *

= [log(s + a) —log(s + )¢’

S+a

=log(—))¢

S+b

5
S

= log(—)¢’

142
. s+a
=log (1)-log (X2)

s+a s+b

=0- log (%) = log (£12)

s+a

Laplace transforms of Derivatives:

If f'(t)be continuous and L{f (t)} = f(s) then L{f' ()} = sf(s) — f(0)

Proof: By the definition
L{f (0} = [) e~ f' (tydt

= [e"“ i (t)]: —~ J.:(—S)(fSt f(t)dt (Integrating by parts)

=[ef (t)];o + sj.oooe‘St f(t)dt
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= Ite O fO)+s.L{f (1)
Since f (t) is exponential order
> Ltwe*s‘f (t) =0
= L{f'(©} = 0—f(0) + sL{f ()}
= sf(s) = f(0)
The Laplace Transform of the second derivative f" (t)) is similarly obtained.
= L{f" (0} = s.L{f ()} = f'(0)
= s.[s?(s)— f (O)J— f*(0)
=s”f(s)-sf (0)— f(0)
= LU (0} = s. LiF" ()} = £(0)
= s[s?L{f (©)} — sf(0) — f'(0)] = " (0)
= s*L{f (O} — s*£(0) — sf'(0) — f"(0)
Proceeding similarly, we have

L™ (0} = sTLIF(O} = 5" F(0) = "2 £7(0) .. f17(0)

Note 1: L{f™(6)} = s"f(s) if £(0) = 0 and f'(0) = 0,f”(0) =0.. f*~1(0) =0
Note 2: Now |f(t)| < M.e® for all t > 0 and for some constants a amd M.
We have |e St (t)| = e St f(B)] < e?t. Me®
=M.e (-9t 5 0qast — oo ifs>a
2 e Stf())=0for s>a
Solved Problems:
Using the theorem on transforms of derivatives, find the Laplace Transform of the
following functions.
(i). e™ (ii). cosat  (iii). t sin at
(i). Let f (t)=e™Then f*(t)=ae®and f (0)=1
Now L{ f'(t)} = s. L{ f(©)} — f(0)
i.e.,L{ae* }=s.L{e? } -1
i.e.,L{e*}—s.L{e**}=-1
i.e.,(a—s)L{e**t}=-1
1

L{eat } _

s—a

(ii). Let f(t) = cosat then f'(t) = —asinat and f" (t) = —a’cosat
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~L{ ()} = s*L{f(©)} — 5. f(0)—f"(0)
Now f (0)=cosO=1and f*(0)=-asin0=0

Then L{—a? cosat} = s?L{cosat} —s.1—0

= —a’L{cosat} — s*’L{cosat} = —s

—(s2 2 = — =
= —(s% + a?)L{cos at} s = L{cos at} S

(iii). Let f (t)=tsinatthen f*(t)=sinat+atcosat
f*(t)=acosat+a[cosat—atsinat|=2acosat —a’tsinat
Also f(0) = 0 and f1(0) = 0
Now L{ f" ()} = s*L{ f(©)} — sf (0)—f"(0)
i.e.,L{2a cosat — a’tsinat} = s?L{tsinat} — 0— 0

i.e.,2a L{cosat} — a?L{tsinat} — s?L{tsinat} =0

-2as 2as

2+a2)2

i.e.,—(s? +a?)L{tsinat} = ~= L{tsinat} =

Laplace Transform of Integrals:
If LF(D)} = F(s) then L{[; f(x) dx} =12
Proof: Letg(t):j; f (x)dx
Then g'(t) = < [f f(x) dx| = f(t) and g(0) = 0
Taking Laplace Transform on both sides
L{g'®)} = L{f ()}
But L{g'(t)} = sL{g(®)} — g(0) = sL{g(t)} — 0 [Since g(0) = 0]
= L{g'(©)} = L{f ()}
= sL{g(®} = L{FO} = L{g®)} = LF ()}
But g(t) = f, f(x)dx

{f f(x) dx} f(S)

Solved Problems:

1.Find the L.T of I;sin atdt

Sol: L{sinat} = —— = f(s)

Using the theorem of Laplace transform of the integral, we have
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L{f reax =12

t .
L {fo Sih at} = s(s;j-az)

2.Find the L.T of [’ ﬂdt

lt sint

Sol: L{sint} = = oo T = = 1 exists
sint 1
L{ } f L{sint}ds = fs S ds

= [TanflsIo =Tan'o—Tan's = % —~Tan's=cot *s(or)Tan™ ( % )

i.e. L{Sft} Tan™*(1/s)(or)cot~1s
oL {ft st dt} = —Tan‘l(l/s) (or) %cot‘ls

t sint

3Find L.Tof e™* [j=~dt

Sol:  L{e™t [, *dt}

We know that

L {sint} = = f(s)
L{ = f f(@dS‘L oo d
=(tan~1s)?

A — Vs — —
=tan"loo — tan"ls = S~ tan 1s =cot s

~ L {%} = cot™ s

t sint

Hence L {f,=—dt} = —cot s
By First Shifting Theorem

L[e™t [, ==dt] =f(s + 1) = (=

cot™
)S—>S+1

t

~ L ‘ffsmtdt— ! t71(s+1

il I t PTG
0

Laplace transform of Periodic functions:
If £ (t) is a periodic function with period ‘a’. i.e, f(t+a)="f(t) then

1

L) = [l ()

Eg: sin x is a periodic function with period 2z
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i.e., sinx=sin(27z+x)=sin(47+X).............

Solved Problems:

1.A function f (t) is periodic in (0,2b) and is defined as f (t) =1if O<t<b
=-1if b<t<2b

Find its Laplace Transform.

Sol:  L{f(t)} =1_6L2b5j02be‘“f (t)dt
- U e f (t)dt+ _[:be‘s‘f(t)dt}

e
e ;L_st U e dt — f e‘s‘dt}

- ;)[—(es" —1) + (e’ZbS —e™® )]

s(1-e?

L{f(t)}= ﬁ[l— 2e +e? |

2.Find the L.T of the function f (t)=sinatif 0<t< z
(4]

~0if Z <t <% where f (t)has period o
() () @

Sol:  Since f (t) is a periodic function with period oz
(0

L{F()} - e (2t

1 e—sa

1 2”(0 —st
L0} [oe™t (t)t

_ 1 A) —st 2”&) —st
= U smwtdt+_|'% e .Odt}

Ve

1 [e“ (~ssin ot —a)coswt)}

1_e725%) SZ +a)2 0

at

I:ea‘ sinbt = aze+ o2 (asinbt —bcosbt)
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1 1 s/
= 2”7 5 7 (e .0+ C())
1_e_ w| S +w

Laplace Transform of Some special functions:

1.The Unit step function or Heaviside’s Unit functions:

0 t<a
1 t>a

Laplace Transform of unit step function:

as

Itis defined as u(t —a) = {

e~

To prove that L{u(t —a)} =

N

0 t<a

Proof: Unit step function is defined as u(t — a) = {1 (s

Then L{u(t—a)} = [” e~tu(t — a) dt
= L eu(t —a)dt+j:e*5tu(t —a)dt
= jae‘“ .0dt + 'foo e 1dt
0 a

R o O
:Le tdt_[—sl_ S.[e eas]- S

as
S

» L{u(t —a)} ==

Laplace Transforms of Dirac Delta Function:

/e o<t<e

The Dirac delta function or Unit impulse functionfc(t) = { 0
t >€

—S€E

2.Prove that L{f.(t)} =

1-e
=

hence show that L{&(t)} = 1

1
Proof: By the definition fc(t) = { éE Ostse
t >€

And  Hence L{fe()} = [ e~stfe(t) dt
= [Fe~stf(®dt + [Fe~tfu(D) dt

= foee‘“édt + feoo e st.0dt

_ 1t € —_1 -s€ 01 _ 1-e7%¢
_E[_S]O__/Es[e —e’l= s€E

1_e—SE
€

N

= L{fe(©} =

it 1-e”5¢

Now L{§(0)} =", Life(®}= ", se

~ L{&(t)} = 1 using L-Hospital rule.
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Properties of Dirac Delta Function:
1 [78()dt =0
2. f0°° 6(t)G(t) dt = G(0) where G(t) is some continuous function.

3. f0°° 6(t — a)G(t) dt = G(a) where G(t) is some continuous function.
4. [G()s* (t-a)=-G'(a)
0

Solved Problems:
1.Prove that L{6(t — a)} = e~
Sol: By Translation theorem

L{(t —a)} = e “L{S(t)}

=e % [since L{5(t)} = 1]

2.Evaluate f;” cos 2¢8(t — /) dt
Sol: By using property (3) then we get

Jy 8(t —a)G()dt = G(a)

Here a = 7T/3,G(t) = cos 2t

,-_G(a)zG(%)=005277:_%

fooo cos2at §(t — ”/3) dt =cos2™/3="T/,
3.Evaluate je‘4‘51(t—2)dt
0

Sol: By the 4" Property then we get

[ (t-a)e(t)dt --c@)

0
G(t)=e*anda=2
G'(t)=—4e™
~.G'(a)=G'(2)=—4e"

Ie4t§l (t-2)dt=-G'(a)=4e"
0
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Inverse Laplace Transforms:

If f(s)is the Laplace transforms of a function of f (t) i.e. L{f ()} = f(s) then f (t) is

called the inverse Laplace transform of ?(s) and is written as f(t) = L‘l{]_f(s)}

~ L™ is called the inverse L.T operator.

Table of Laplace Transforms and Inverse Laplace Transforms

S:No. L{f ()} = f(s) IEHOIESIG!
L L1} =1/ L {/s}=1
2. L{e®} = LY s — g} = e
s—a
3 L{e~%} = ! LYyl =e
s+a
! 1 t"
4 L{t"} = el is a + ve integer Lt {Sn+1} ==
5. . (n—1)! i -1
L =— L {/sn}_( " 1,23
6. . _ _ 1 1
L{sinat} = 1 a2 Lt {52 > az} = —.sinat
7. _ -1 S —
L{cosat} = 1 g2 L {sz m aZ} = cos at
8. . y _ 1 1
L{sinhat} = 7 a2 L1 {52 — az} = asmh at
9 L{cosh at} = — L {5} = cosh
{coshat} = R 7 g2) = CoS at
10 L{e*sinbt} = ———— Lt {;} = 1 e% sinbt
' (s —a)? + b? (s—a)?+b%) b’
11. at h, Gl _ (s—a)
L{e® cos bt} = G a1 b2 1 {—(s — 7y bz} = e cos bt
12 at .: - -1 { 1 } — l at o;
L{e%" sinh bt} = —(s v L —(s ) e sinh bt
13. at - s—a -1 (s—a) _ at
L{e®" cosh bt} G—a)? = b2 L {(s—a)—z—bz} = e% cosh bt
14. —at ; —1{ 1 } 1 —at ;
L{e~%" sin bt} Graf i GraZ+bd b e~ % sin bt
15. at __ Sta _1{ sta }: —at
L{e % cos bt} = G raE 1D G ra LD e~ cos bt
16. L{e® f()} = f(s — a) LYf(s — )} = e®L7{f(5)}
17. L{e™ f()} = f(s + a) LMf(s +a)} = e~ f(D)e " L{f ()}
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Solved Problems :
s?—3s+4

53

sol: L= = {1/ 3.1/ 4 4/ )

VAR VAR

2

=1—3t+4.%=l—3t+2t2

1.Find the Inverse Laplace Transform of

s+2
s2—4s+13

Sol: L™ {52—54:5113} =L {(s—SZJr)§+9} =L {(S::%}
=1 {@_;ﬁ} +4.11 {Mﬁ}

=e” cos3t +ﬂe2t sin 3t

2.Find the Inverse Laplace Transform of

-5

3.Find the Inverse Laplace Transform of

Sol: L {E} =L {522_; B 525—4}
=2L7" {525_4} — 5.7 {521—4}

=2.cosh 2t —5.%sinh 2t

sZ

4Find L1 {221

s(s+1)

o () - [ )
=L-1{ ! +L‘1E}= et +1

s+1
. _ 3s—-8
S.Find L 1{4s2+25}

Sol: LM = U ) O )

3 s 8 1
==L 2( -7t 2
* {52"'(5/2) } * {52+(5/2) }

3 5, 82 .5
=—.C0S—t——.=sIn—t
4 2 45 2
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3 5 4.5
=—C0s—t——sin—t
4 2 5 2

6.Find the Inverse Laplace Transform of ( )2
s+a

soi: 17 = 1 () = e )

— e—at]-1 {l_i}

s s2

=e |1 - a7t {5]

=e*[1-at]

7Find L1 {2}

s2-2s-3

3s+7 _ A N B
s°-2s-3 s+1 s-3
A(s—3)+B(s+1)=3s+7
puts =3,4B=16=>B =4
puts=—-1,—4A=4=>A=-1

o 3s+7 -1 4
L= = +
§°-25s-3 s+1 s-3

L‘1{ 3s+7 }_L_l{—l + 4 }_ 1L‘1{ 1 }+4L‘1{ 1 }
s2—2s—3) s+1 s—=3) s+1 s—3

=—e'+4¢"

Sol: Let

. _1 S
8.Find L {(s+1)2(s2+1)}

S A B Cs+D
S -

GHD2(s241) _ s+1 ' (s+D2 | s241
A(s+1)(s?+1)+B(s?+ 1)+ (Cs+D)(s+ 1)’ =s
Equating Co-efficient of $°,  ,~—o 1)

Equating Co-efficient of s, A+B+2C+D=0....... ()
Equating Co-efficient of s, A+C+2D=1....... (3)

puts=-1,2B=-1= B:—%

Substituting (1) in (3) 2D =1=> D :%

Substituting the values of B and D in (2)

LeA—§+u4§=0:A+zc=ammA+c=0:A=ac=0
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11

S 2 2

(s+1)° (s°+1) (s +1)° e

Lt {m} = %[L_l {ﬁ} - {(5:1)2}]
- et 2

=%[sint—te“]

9.FindL-1{ s }

st+4a
Sol: Since s* +4a* = (32 +2a2)2 —(2as)2
= (s? 4+ 2as + 2a?)(s? — 2as + 2a?)
S As+B Cs+D
2 Z= 2 7T 2 2
s"+4a” s“+2as+2a° s°—2as+?2a
(As + B)(s? — 2as + 2a®) + (Cs + D)(s? + 2as + 2a?) = s

Solving we get A=0,C:O,B:_—1,D:i
4a 4a

1 1

s _1 \ 1

L{ } — L—l 4a + L—l 4a
s*+4a* s2+2as+2a? s2-2as+2a?

:__13-[1 % +i--L_1 %
4 (s+a) +a 4a (s—a) +a

-11 . 1 1 .
=——. Ze®sinat+—.=e*sinat
4a a 4a a

. Let

1 . ] ] 1 . )
=——sin at(eat —e‘at) = iz.sm at.2sinhat = —sinatsinh at
4a 4a 2a

2s5

2
10Findi. L1 {F i, L1 {3(2—‘2)}

Sol:

= S
- -an () 3
=1—3t+4t2—2!=1—3t+2t2

ii. 71 {M} = EL—l {@} = %L‘l {w}

2s5 2 s s5
3 1 4 4 3 1 1 1
SRR
2 s s3 + s5 + 2{ s s3 + s5
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2 4 4
VL ) P EPPE =3[t4—6t2+6]
2 21 41| 2 6| 4

11. FindL-l[ s ]

s2—q2

Sol:

el - ) -5 el -1

= %[ee‘t + e’at] = cosh at

12.Find Lt {L
(s+1(s+2) |

Sol: L™ {L} =41 ;} =4L" {i _L} =4[e -]
(s+1)(s+2) | (s+1)(s+2) s+1 s+2

13. Find L* {;}
(s+1)7(s* +4)

1 A B Cs+D
Sol: P = + >+
(s+D°(s°+4) s+1 (s+1)° s°+4
A-Z B-1c-22 D=2
25 5 25 25

S =3L-1{i}+1r1 b —iLl{ > }—il_l{ 1 }
S+ S™+ S+ S+ S+ "+
(s+1)°(s°+4)[ 25 1/ 5 |(s+1°] 25 4] 25 4

=£e‘t L 1 +le*‘L’l 1 —ECOSZt—i.ESiHZt
5 25 2

25 s s?| 25
:ie’t+1e".t—£c032t—isin2t
25 5 25 50
2 —_—
14.Find i S *s=2
s(s+3)(s—2)

s?+s5-2 A B C
Sol: ————=—+—+—
s(s+3)(s-2) s s+3 s-2

Comparing with s?, s, constants, we get

4| sP+s-2 _,1i+ 4 . 2
s(s+3)(s—2) | | 3s 15(s+3) 5(s—2)
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:Ll[i}+Ll{ 4 }+Ll{ 2 }
3s 15(s+3) 5(s-2)

2 —
15.Find L‘{ s +2s-4 }

(s*+9)(s—5)

s +2s—4 A  Bs+C
(s*+9)(s-5) s-5 s°+9

Comparing with s?, s, constants, we get

A=304.8=244C =%,
E s?+2s—4 | s?+2s—4
(s* +9)(s-5) (s* +9)(s—5)

raE=la bl
34(s—5) 34(s? +9) 34(s? +9)

31 83 .
_3—4e +%4[30033t+?sm3t}

First Shifting Theorem:
If L2 {T ()} = f 0), thenl {T(s—a)} = e* 1 1

Proof: We have seen that L{e® f(t)} = f(s—a) .. L* {?(s - a)} =ef(t) =L {?(s)}

Solved Problems :

. 1 1 _11(¢
1.Find L {m}—L {f(s+2)}

Sol: L* + :e‘ZtL‘l{ 21 }
(s+2)°+16 s°+16

—e2 Lsingt=
4

e 2sin4t
4

2. Find L {233—‘2}
s°—4s+20

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) vy




MATHEMATICS - |
Sol: Ll{ﬂ}:u _3-2 _ 3(s-2)+4
52—4S+20 (5—2)2 +16 (5_2)2+42
(s—-2)° +4 (s—2)"+4

1
VT I SR R, ST T
s? +4° s?+42

=3e” cos 4t + 4e* %sin 4t

3. Find L {—3}
s°—-10s+29

Sol: L‘l{ s+3 }zL‘l s+3 | s—-5+8
' s —10s+29 (s—5)* +2° (s—5)*+2°

= eS‘L‘l{ §+82 } = {0052t+8.13in Zt}
S“+2 2

Second shifting theorem:

IFL(F(s)) = F(Othen  L{e *T(s)}=G(1), where G(t) = fit-a} ift>a
0 ift<a

Proof: We have seen that G(t) = f {t—a} !f i @
0 ift<a

then L{G(t)}=e"*.f(s)

e T(s) =6(1)

Solved Problems :
—7S -3s
1. Evaluate (i) L* {28 iy L1 &
s*+1 (s—4)

) 1+e ™ 1 e
Sol: (i) L* = L‘l{ }+ L
0 { 52+1} s?+1 s?+1

Since L‘l{szl 1} =sint= f(t), say
+

=~ By second Shifting theorem, we have Ll{ © } :{

sin(t—r) ,ift>x
s°+1

0 Jft<ro

or Ll{ e” }:sin(t-n)H(t-n)z -sint. H(t-m)
+1

SZ

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) it




MATHEMATICS - |

Hence L™ {%} =sint-sint. H (t-) =sint [1- H (t-7)]
S+

Where H (t-n) is the Heaviside unit step function
. 1 1
ii) SinceL*{———t=e"L'{ =
W {(3—4)2} {sz}
=e"t=f(t), say

-3s At-3) (4 _ i
- By second Shifting theorem, we have L*{—° - = ey !f t>3
(s—4) 0 Jift<3

L) e — Q-3 (5 )
or L {(5—4)2} e’ (t—=3) H(t-3)

Where H (t-3) is the Heaviside unit step function
Change of scale property:

IFL{ f (t)} =T (s), Then L‘l{?(as)} :i f (lj,a>0

a

Proof: We have seen that L{ f (t)} =1 (s)

Then ?(as):lL{fGJ},fpo
a a
y_ 1 t
L f(as)j==f|=],a>0
(o) =21(L).e>
Solved Problems :
11f L 23 . :itsint,find Lt %
(S +1) 2 (45 +1)

Sol: We have L* % :Etsint,
(s°+1) 2

Writing as for s,

as 11t .t t .t
L'Y—— === “sin—=——.sin—, by change of scale property.
{(a252+1)2} 2aa a 2 a y g property

Putting a=2, we get

. 2s _t ot 3 8s 21t
L — =—sin—orL ——— = Sin_-
(45 +1) 8 2 (4s° +1) 2 2

Inverse Laplace Transform of derivatives:

n

Theorem: L’l{?(s)} = f(t) , then Ll{?”(s)} = (=1)"t" f (t) where T (s) = (;jsn [?(s)]

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) [vil)




MATHEMATICS - |

Proof: We have seen that L {t"f (t)} = (-1)" d% ()

s {T” (s)} — (-])"t"f (1)
Solved Problems :

1. Find L {Iog S—H}
s-1

Sol:  Let L*{log%}: f(t)
S_

L{f(t)}ﬂogi—?

4] 1 a1

=et+et

tf(t)=2sinht = f (t)= Zs'tnht

. Ll{log s+1} _ 2sinht
h s—1 t

-t
Note: L‘l{log“—s}: 1 te
S

2.Find L {cot *(s)}
Sol:  Let L™ {cot™*(s)} = f(t)

L{f(t)} =cot™(s)

L {tf (t)}=£[cot‘l(s)=—{ -1 } !

1+5% | 1+

tf (t) = L‘l{szl 1} _sint
+
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~LHeot(s)} = %sint

Inverse Laplace Transform of integrals:

Theorem: L-l{?(s)}z f(t) , then L {j f(s)ds} A0

S

o0

Proof: we have seen that L{ (t)} j f(s)ds

S

L* {TT(s)ds} = @

S

Solved Problems :

1.Find L1]  S*1
(s°+2s+2)
s+1
(s* +2s+2)°

Then L’l{?(s)}:L‘ {jﬁ }

Lt s+1
[(s+1)?+1]

=o't {ﬁ} , by First Shifting Theorem
S°+

Sol: Let f(s)=

—et Lsint=Letsint - L % - Lsinat
2 2 (s“+a“) 2a

Multiplication by power of’s’:

Theorem: L-l{?(s)}= f(t) , and f (0),then L-l{s?(s)}= f1(t)
Proof: we have seen that L{ f*(t)} =sf(s)— f(0)
L{f O =sf(s) [-/(0)=0] or
L {sT(s)} = f(t)

Note: L’l{s”T(s)}:f”(t),iff”(O):Oforn:LZ,B ......... n-1
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Solved Problems :

1. Find (i) L" {(S y }( ot 1{(S+3) }

Sol: Let f(s)= G 12)2
+

Clearly f (0) =0

1 S -1 S —1-1(~f — f1
Thus L {(s+2)2}_|_ {S'(s+2)2}_|_ {s.f(s)}—f (t)

= % (te™) =t(-2e)+e*. 1= (1-2t)

Then

Note: in the above problem put 2=3, then L‘l{( >
S

+3)2}:et(1_3t)

Division by S:

Theorem: IfL’l{?(s)}: f(t) , Then Ll{—s)}zj[ f (u)du

S 0

\_/

t _
f
Proof: We have seen that L{ I f } (
0

Note: IfL‘l{?(s)}= f (t), then L‘l{f 23)}: f (u)du.du

S

|

[ ——

Solved Problems :

1. Find the inverse Laplace Transform of —————
s°(s“+a“)

1

Sol: Since L™ | ———-
(s°+a’)

1.
}:—smat, we have
a

t
Lt J.lsin atdt
s(s +a’) | ja

E( cosat
a a

j ——(cosat l)——(l cosat)
& a’
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o 1 01
Then L {—} _[—2(1 cos at)dtdt
0

s’(s*+a%) a
_1( sinat}t_l( smat]
==t =\ t=
a a ), a a
eI 21 : :iz(t_smat]
s°(s“+a”) | a a

Convolution Definition:

If f (t) and g (t) are two functions defined for t>0 then the convolution of f (t) and g (t) is
defined as f (t)*g(t)zj; f(u)g(t—u)du
f (t)*g(t)canalsobewrittenas( f *g)(t)

Properties:
The convolution operation * has the following properties
1. Commutative i.e. (f*g)(t)=(g*f)(t)

2. Associative [ f*(g*h)](t)=[(f*g)*h](t)

3. Distributive [ f*(g+h)](t)=(f*g)(t)+(f*h)(t) fort=0

Convolution Theorem: If f(t)and g(t) are functions defined for t >0 then

L1 (%9 (0} =L {F (0} L{a (0} =T(5)3(s)

i.e., The L.T of convolution of f(t) and g(t) is equal to the product of the L.T of f(t) and g(t)

Proof: WKT L I e ™ {I g(t- u)du}dt

- ”‘I

u=0

:I:J';e‘s‘f (u)g(t-u)dudt

The double integral is considered within the region enclosed by the line u=0 and u=t
On changing the order of integration, we get
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e

Solved Problems :

1.Using the convolution theorem find L‘l{ > }

(s* +a%)?
_ S S 1
Sol: [ G — Y )
{(sz+a2)2} {s%az sz+a2}
- - 1
Let f (s)= and g(s)=
(5)= > and g (s) =

So that L‘l{?(s)} = L‘l{ 5 > 2}:cosat = f(t) —say

S"+a

L‘l{ﬁ(s)} = L‘l{ - 3 2}:§sin at = g(t) — say

S +a

.. By convolution theorem, we have

t
L {%} X jcos au.l.sin a(t—u)du
a
0

(s“+a%)

t
= iJ'[sin(au+ at —au)—sin(au—at+au)]du
a 0

t
= 2—1aj[sin at —sin(2au —at)]du
0

1 1 t
= —[sin at.u+—.cos(2au — at)}
2a 2a 0

= i{tsin at +icos(2at —at)—icos(—at)}
2a 2a 2a

1 . 1 1
=—| tsinat+—cosat ——cosat
2a 2a 2a
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t .
=—-sInat
2a

2
_ S
2.Use convolution theorem to evaluate L* o
(s“+a”)(s“+b%)

Sol:  L* & - L‘l{ > 3
' (s> +a%)(s? +b?) s?+a’ s +b?

Let T(s)=———and g(s)=——

s?+a? s +b2

S +a

So that L*l{?(s)} = Ll{ — } =cosat = f (t) —» say

Lt {ﬁ(s)} =L {ﬁ} =cosht = g(t) — say

. By convolution theorem, we have

t

s s

L‘l{ : }: cosau.cosh(t —u)du
s’+a’® s*+b? -([

t
= 1I[cos(au —bu +bt) + cos(au +bu —bt) ] du
0

{sm(au bu + bt) sm(au +bu —bt) T
0

1
2 a+b

l{smat —sinbt smat+sinbt}_asinat—bsinbt
2

a+b a’-b?

) 1
3.Use convolution theorem to evaluate L™ —
s(s“+4)

Sol: Ll{—zl 2}:L1{i2.—25 2}
s(s” +4) s° (s°+4)

Let?(s)zsiand g(s)=—"2 i

}= =9g(t) > say

(s°+
1
s?

(T _1 S t.sin 2t i S tsin 2t
L {f(S)}:L {(32+4)2}: . =f(t)—say{.L {(sz+a2)2}: o }

So that L~ {g(s)}: {
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t
g L‘l{ L ;} = j%sin 2u(t —u)du

3_2'(82+4)2 :
t 1t
- %Iu sin 2udu —Zj'uzsin 2udu
0 0

t
= A[—ECOSZU +£sin 2uj
2 4

=—l ——C0s2u +Esin 2u +1c052u
2 4 0

0

= i[1—'[sin 2t —cos 2t |
16

4.Find L {;2}
(s—2)(s* +1)

Sol: L{—lz }:L{i. 21 }
(s=2)(s"+1) s—2 s°+1

- 1 - 1
Let f (s) :Eand g(s)= 71

So that L™ {?(s)} =L {%} =e® = f (t) > say

Lt {5(5)} = Ll{szlﬂ} =sint = g(t) - say

t
o {L 21 }: I f(u).g(t—u)du (By Convolution theorem)
s—2 s°+1)

t t
= Iez“ sin(t—u)du (or) _[sinu 2 dy
0 0

t
=e% j sinue ®du
0

t

-2u
=e” 262 1[—Zsin u —cosu]}
+

0

ol
=g ge t(—23mt—cost)—%(—l)}

= %(e2t - Zsint—cost)
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5.Find L™ {;}
(s+1)(s-2)

Sol: L* {;} = L‘l{
(s+1)(s-2) S+

1 }
-2
— l —_
Let f (s):—s+1and g(s): -

LT L1
Sothat L*{f(s)} =L {ﬁ}

‘ -
|_\

=

e ' = f(t) - say

Lt {5(3)} =L {é} =e? = g(t) - say

.. By using convolution theorem, we have

L—l {;} j‘e—u 2(t— u)du
(s+1(s-2)) o

t -3u
e2ta=gy = eth'e—Sudu e R ll:ezt _e—t]
4 -3 3

O —_—

6.Find L‘l{ L }
s°(s"-a’)

Sol: L‘l{ L } Ll{
s’(s*—a’)

- 1 — 1
Let f (s):?and g(s)= 7 .

mN|H
(%)
[ |~
QD
N
%/_J

2

So that L-l{T(s)} L‘l{sl} t= f(t)—say

L‘l{ﬁ(s)}:L‘l{ . ! 2}:isinhat:g(t)—say

S"—a

By using convolution theorem, we have
t
L ! ju.lsinh a(t—u)du
S (s a’)] ¢ a

t
= 1J.u sinh(at —au)du
a 0

. t
:1[_—ucosh(at—au)——sm(at_au)}
al a .

a2
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Q[
|
|
(@)
o
wm
=0
~—~
Q
~+
[
Q
~+
N
[
(@]
[
QL|FA
~—
o
[
v,
>
=
Q
~—+
ed
L 1

= %[—at +sinh at]

- . -1 S
7.Using Convolution theorem, evaluate L {—(S+2)(52+9)}

Sol: L1 {L S }=L-1{L > A=L"Yf(s). g (s)}

5+2 5249 s5+2 52432
F)=—= = L{f )} = f(O) = L {Z} = e e (1)
G()=5 = Lg®} = g(t) = L {52} = cos3tememmrremneees @)

By Convolution theorem we have
LYf(s).g ()} =f®) * g(©)
Where f(£) = g(t) = f; g)f (t — w)du

{1 s t o
L 1{5.52”} = [, e 2" Wcos3udu

_ t
= e7? [ e*"cos3udu

=2t

2757 [2c0s3u — 3sin3ul}

e—Zt

[2cos3t — 2 — 3sin3t]

13

=L [e~2t(2co0s3t — 3sin3t)] — 2e*
13 13

Application of L.T to ordinary differential equations:
Solutions of ordinary DE with constant coefficient:
1. Stepl: Take the Laplace Transform on both the sides of the DE and then by using the

formula
L{f" )} =s"L{f()}—s"" f(0)—s"" f*(0)—s"2 f?(0) —............. f"*(0) and apply given
initial conditions. This gives an algebraic equation.
2. Step2: replace f (0), f*(0), f2(0) ,......... f " (0) with the given initial conditions.

Where f'(0)=sf(0)— f(0)
f2(0)=s*f(s)-sf(0)—f*(0), and so on

3. Step3: solve the algebraic equation to get derivatives in terms of s.
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4. Step4: take the inverse Laplace transform on both sides this gives f as a function of t
which gives the solution of the given DE

Solved Problems :
1.Solve y™ +2y" —y'—2y =0 using Laplace Transformation given that
y(0)=y'(0)=0and y"(0)=6
Sol:  Giventhat y"™ +2y" —y'—2y=0
Taking the Laplace transform on both sides, we get
L {ym(t)}+2L {y“(t)}—L {yl}—ZL {y}=0
= s°L {y(t)} —s°y(0) —sy*(0) — y*(0) +2{s’L { y(t) } - sy(0) - y*(0)} -
{sL{y®)}-y()}-2L{yt)}=0
= {s°+25* s =2} L {y(t)} =s"y(0) +sy*(0) + y"(0) + 2sy(0) + 2y*(0) - y(0)
=0+0+6+2.0+2.0-0
={s°+25° —s-2|L{y(t)} =6

6 6
L{y(t)}= 1257 —5-2 (s—1)(s+1)(5+2)
A B C
+ +

zs—l s+1 s+2
= A(s+1)(s+2)+B(s-1)(s+2)+C(s—1)(s+1) =6
= A(s*+35+2)+B(s*—s—2)+C(s*-1) =6
Comparing both sides s?,s,constants,we have
= A+B+C=0,3A-B=0,2A-2B-C =6

A+B+C=0
2A-2B-C=6

3A-B=6
3A+B=0

6A=6=> A=1
3A+B=0=>B=-3A=B=-3

SA+B+C=0=C=-A-B=-1+3=2

1 3 2
Lyl = -
{y()} s-1 s+1+s+2
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y(t)=L" L -3.L" 1 +2.L1 L =e' —3et+2e™
s—1 s+1 S+2

Which is the required solution

2.Solve y' —3y'+2y=4t+e*  using Laplace  Transformation given that
y(0)=1and y'(0)=-1
Sol:  Giventhat y" —3y"+2y=4t+e™

Taking the Laplace transform on both sides, we get

L{y" ()} -3L{y'®)}+2L {yt)} =4L {t}+L {e*}

4
_2

‘ -

= s’L{y(t)} - sy(0) - y*(0) - 3[ sL{y(t)} - y(0) |+ 2L{y(t)} =

00

S—

= (s* —35+2)L{y(t)}=s—+$+s 4

4s—12+5* +5% =35 — 45 +125°

= (s? -3s+2)L{y(t)} = <(s_3)

s —7s%+13s? +45-12

= L{Y(t)} = §2 (s _3)(52 -35+2)

s* —7s% +13s? +4s-12
s*(s=3)(s—-1(s-2)

= L{y®)}=

s'-7s°+13s*+4s-12 As+B C D E
€ + F—
s*(s—3)(s—1)(s-2) s s-3 s-1 s-2
_ (As+B)(s—1)(s=2)(s—3)+C(s*)(s—1(s—2) + D(s*)(s - 2)(s—3) + E(s*)(s—1)(s —3)
- s2(s—3)(s—1)(s—2)
=8" —75° +13s° + 45 —12 = (As + B)(s® —6s* +11s - 6) +
C(s*)(s* —3s+2)+D(s%)(s* =55 +6) + E.s*(s* —4s+3)

Comparing both sides s*,s®,we have
A+C+D+E=1.........c..cccce ()
~6A+B—-3C—-5D—4E =—7.coeoeveennn.. (2)
puts=1,2D=—1:>D=_?1
puts=2,-4E=8=E=-2

putS:3,18C=9:>C:%
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11
fromeq.(l)A=1—§+§+2:>A=3

from eq.(2) B= -7+18+g—g—8: 3-1=2

3 2 1 1 2
y=L {E+s_2+2(s—3)_2(s—1)_s—2}

1 1
t)=3+2t+=-e ' —=e' — 2"
y( ) 2 2

2

3. Using Laplace Transform Solve %Jr 22—{—3y =sint, giventhat y = 2—{ =0when t=0
2
Sol:  Given equation is %+23—¥—3y =sint.

L {y“(t)} +2L {y1 (t)}—3L {y(t)} =L {sint}

TL{y () -59(0)-v*(0)+2[sL {y(1)} - ¥(0)] 3L {y()} = 2
=(s*+2s-3)L{y(t)} = Szl+1

=L{y(t)} :[(52 +1)(s12 +25—3)]

1 1
=y(H)=L {(3—1)(s+3)(52 +1)J

Now consider

1 _ A N B +CS+D
(s-1)(s+3)(s+1) s-1 s+3 s°+1

A(s+3)(s* +1)+B(s—1)(s* +1)+(Cs+D)(s-1)(s+3) =1

Comparing both sides s*,we have

puts=18A=1= Azé

puts=-3,-40B=1= B:_—1
40
A+B+C:O:>C:0—£+i
8 40
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C_—5+1_—_4_—_1
40 40 10
3A-B+2C+D=0=D=-S_1,1
8 40 5
o_-15-1+8_-8 -1
40 40 5
o1 11
~y(t)=Lt)8 . 40 10" 5

s—1 s+3 s*+1

SR ENEE R
8 s—1] 40 s+3] 10 s°+1] 5 s?+1

Ly(t)= Lo Loa oot Lgint
8 40 10

4.Solve %+x:sina)t,x(0):2
. .. dx .
Sol:  Given equation is a+x:sm ot
L{x'(t)}+L{x(t)} =L {sinwt}

= sL{X(U}-x(0)+L {x(t)} =

(0]
s? + w*

=s.L{x(t)}-2+L{x(t)} =

= (s+)L{x(t)} = +2

4 @ 2
=x(t)=L {(S +1)(s2 +a)2) i s+1}

=20N {SLH}JF Ll{(s +1)(6;)2 +a)2)

« Sw [0

} (By using partial fractions)

2 2 2
_oetiL o+l 12+a)2+ 12+a)2
s+l s+ S +w

i W 1 .
=2e" + e — > Cos ot + 5. —Ssin ot
o +1 1+ w 1+0° w
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5.Solve (D”+n”)x=asin(nt+a)given that x = Dx = 0, when t = 0.
Sol:  Given equation is (D” +n”)x=asin(nt+a)

X" (t)+n*x(t)=asin(nt+a)

L {x"*(t)}+n’L {x(t)} =L {asinntcose +acosntsin o}

= s’L {x(t)} —sx(0)—x*(0)+n’L {x(t)} =acosal {sinnt} +asinal {cosnt}

>+asina.
+n S

2 2

= (s*+n*)L{x(t)} =acosa—

S +n

= L{x(t)j=acosa-———— +asina

(s*+n?) (s*+n? ’

2+n)

(By using convolution theorem | —part, partial fraction in I1-part)

= nacomﬂ%.sin nx.%sin n(t—x)dx— a5|2n & {i;}

ds(32+n2)
acosa (t asina ., 1 .
= aj {cos(nt—2nx)—cosnt} dx + -t =sinnt
2n Yo n
_acosa J't{cosn(t—ZX)—cosnt}dx+isinatsin nt
2n |70 2n
acosa| -1 " atsinga
= —.sinn(t—2x)—xcosnt | + sinnt
2n [ 2n 0 2n
acosa | sinnt atsina .
= —tcosnt |+ sin nt
2n | 2n 2n
inn . .
:—acosaf t—a—t[cosacosnt—smasmnt]
2n 2n
_aCOSasinnt_a_tCOS(a+nt)
2n? 2n

6. Solve y" —4y'+ 3y = e tusing L.T giventhaty (0) = y' (0) = 1.
Sol:  Givenequationis y" —4y'+ 3y =e~t
Applying L.T on both sides we get L(y") — 4L(y") + 3L(y) = L(e™")
= {’LIy] -s y (0) - y* (0}~ 4{s LIyl - y (0} + 3L{y} =
= (57 +45 +3) L{y} s-1-4= —

= (s? +4s +3) L{y} = 5%1 +s +5

> (P +4s+3) L{y}= —c+s+5
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L{y} _ + s+5

(s+1)(52+4s+3) (s2+4s+3)

1 ] _1[ s+5 ]
(s+1)(s2+4s+3) (s2+4s+3)

y=L7[
Let us consider

e = Ve
(s+1)(s2+4s5+3) (s+1)2(s+3)

1 1
(s+1)(s?2+4s+3) - (s + 1)%(s+3)

A B C

s+1  (S+1)2  S+3

LT[

RN
T s+1 0 (S+1)2 S+

D, O b

:L_l[s+1 (S+1)2 5+3]
- [Q I (!fi)z -
==L g 45 L e + L ]
G+ 1)(szl+ ) _%e_t * %te_t * %e_gt - @
e R v A e
=e ML L + 3e 2L ]
Lt [ﬁ] = cost+3e tsint — — —— (2)
From (1) & (2)
Ly = —ie‘t +%te‘t + ie‘3t+e‘2tcost+3e‘2tsint

7.Solve % +9x = cos2t using L.T. given x (0) = 1,x () = —
Sol:  Given x" +9x = cos2t

L [x"] + 9[x] = L[cos2t]

= s?L[x] — sx(0) — x*(0) + 9L[x} =

2+4

2 o —
=>(s* 4+ 9)L[x] — s a=—-

=(s?2 + 9)L[x]=

_ s s a
Llxl= (s2+4((s2+9) + (s2+9) + (s2+9)

X= L [———]+ L7

a
(52+4((52+9)] 2+9)] +L [(52+9)]
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L5 =] + cos3t + = sm3t
+4 s“+9
L] - ‘1[ =] + cos3t + = sin3t
s2+4 s“+9 3
=E cos2t — ECOSBt + cos3t + gsinBt ------------------ - (1)

. T
Given x (E) =-1.
1 s 1 3T 3w 3 . a . 31
) —1=—C052(—)——COS—+COS—+COS—+—Sln—
5 2 5 2 2 2 3 2

> 1=--—0+0-2
5 3

a 1
- st
a_4
3 s
X = %cosZt + %cosSt + %sinSt From (1)

8.Solve(D3® —3D%? + 3D — 1)y = t?e* Using L.T giveny (0) =1,y =0,y"(0) = -2

= 2t

Sol:  Given y"" —=3y" +3y"' —y
Lly"]—=3L[y"] +3L[y'] — L[y] = L[t?e’]
= {sL[y] = s*y(0) —sy'(0) — " (0)} — 3{s*L[y] — sy’ (0) — y(0)} + 3{sL[y] —
y(0)} — L[yl = L[t?ef]

d2
= (5% =35> +35 = DLIy] =5? =0+ 2+ 0+3(1) - 3(1) = (-1)* 5 L[e']
1
> (s — DILL)s? + 2= = (L)
_ 2
T (s-1)3

= (s = 1Lyl =

1)3 +s% — 2

B 2 s2 2
W =G " oo G-

52 2

— 71 -1 71
y - L [(5_1)6] + L [(5_1)3] L [(5_1)3]

1 -1 S _ -1 1
(5—1)6]+ [(5—1)3] 2L [(5—1)3]

=2et] 1 [( )6]+L‘( s 2efL—1Li3]

=2ets —2et s+ 171

5! (s— 1)3]

Consider L™* [ 1)3]

|- e

2

W.K.T L~ [ o
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s? d? [ett? 1d )
a [(s - 1)3l " ds? < 2 > = gy (et +tfel) = - (2ef + 2te + 2te’ + t%e)

=2 (2et + 4tet + t2et)
2

_2 ti_z tﬁ—_lzt 4 t 2 ¢t
y =2e‘-—2e' = —— (2" + 4te +t%e")
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